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A model for the classical Kepler problem is presented in which both the temporal
evolution and the symmetry group act globally in a simple and canonical way. These actions
are generated by the Hamiltonian function, the angular momentum and the Runge-Lenz
vector. The symmetry group is SO(4) for negative and SO(1, 3), for positive energy.

Introduction

Until recently, the discussion of the inner symmetry of the classical Kepler problem
has been restricted to the infinitesimal aspect. That is, one has discussed the additional
constant of motion, the so-called Rurnge—Lenz vector whose components, together with
those of the angular momentum, in the case of negative energy, form the Lie algebra
of the orthogonal group SO(4) under the Poisson bracket. While in the quantum mechani-
cal Kepler problem the global SO(4) symmetry has been explored in 1935/36 by Fock [6]
and Bargmann [4] (for a more recent review see Bander, Itzykson [3]), the integral curves
of the vector fields generated by the Runge-Lenz vector on the classical phase space
were not investigated until recently. Bacry, Ruegg, and Souriau [2] in 1966 were the first,
as far as we know, to give an explicit solution of the differential equations for the one-
parameter transformation groups generated by the Runge-Lenz vector. In somewhat
more detail these were discussed by Rogers [10] and, independently, by Ligon [8]. Roughly
speaking, in these papers the SO(4)-action on the phase space is induced from some
distorted action on a 3-sphere. With other applications in mind, Moser [9] has “regular-
ized” the Kepler problem, that is, he has enlarged the phase space in such a way that
the temporal evolution generates a global time flow, a situation which is otherwise pre-
cluded by the existence of collision orbits. The aim of our paper is to transform the Kepler
problem in such a way that both the time flow and the SO(4) symmetry are globally re
alized in a simple and canonical way. This is also done for positive energy and the
group SO(1, 3),. We have succeeded in unifying the viewpoints of regularization of the
phase space and of an undistorted action of the symmetry group. We will comment on the
case of vanishing energy briefly and not discuss it in detail.
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After completion of our paper, we have received a copy of a talk by Souriau {11]
in which basically the same results are derived, but by somewhat different methods.

1. Preparatory remarks

The configuration space of the Kepler problem is Q := R* {0}, that is, a three-
dimensional real Euclidean vector space with the origin, the so-called collision point,
removed. We think of this space as a C*-manifold and define the C* coordinate functions
4i: Q —» R by means of g;(x,, x,, x3) := x;, i = 1, 2, 3. The phase space of the Kepler
problem is then the total space T*Q of the cotangent bundle z3: T*Q — Q on the con-
figuration space (cf. Abraham-Marsden [1], Godbillon [7]). Let # M denote the ring
of real-valued C*-functions on a C*-manifold M. We will consider the following elements
of FT*Q:

1. The coordinate functions q;,p;: T*Q - R, i =1,2,3, which are defined by

3
¢:(») 1= Giong(y) and y =: pi(»)dGijng(y) for y e T*Q. We will consider the g;,
i=1

i=1,2,3, as components of an R3-valued function, which we will write in the form
qd = (41,92, 93). We will do the same for other three component functions. We will
often use the Euclidean scalar product in R3, which we will denote with a dot, e.g. p- ¢

3
:= Y pigi. For the norm, we will simply write ¢ := |§| = (§-§)"?, etc.
i=1

2. The Hamilton function of the Kepler problem:

2

Hi=2 _% 450, m>0. (1.1)
2m q
3. The components of angular momentum:
— 3
L=¢xp, (gxp):= ok, 1=1,2,3, (1.2)
iF=

where &;; is the Levi-Civita symbol, that is, &, is totally antisymmetric and &,,; = 1.
4. The components of the Runge-Lenz vector:

R=pxL— _“;zj. (1.3)

The canonical symplectic form on the phase space is
3
o = qu,-/\dpi. (1.9

The Hamiltonian vector field X; belonging to a function f€ #T*Q is defined by

df =: Xy, *). (1.5)
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Then we have

3
\C (LY o

Xr = >—‘1" (a Eq,~ A Em) ; (1.6)
where E_ is the unit vector field in the coordinate direction given by the index. Then the

Poisson bracket {-, - }: FT*OxFT*Q —» FT*Q has the form

. . >~[of g dg O
{f,8} 1= o(Xy, Xp) = L( a; %—-557 51’:—) (1.7)

[,g e FT*Q. FT*Q, considered as a real vector space, has, with the Poisson bracket,
the structure of a Lie algebra. For the above-mentioned functions, one can calculate the
following Poisson brackets

oH Pi oH o4 .
D {q:,H} = s {pi, H} = s g, i=1,23,
ay {L,H} =0, {R,H}=0, i=1,2,3,
3 3
(1) {Li, Lj} = ZgijkLks {Li,Rj} = Zsiijk, (1-8)
k=1 k=1

3
(Ru R} = =2mH Y epli, i,j=1,2,3.
k=1

We will now comment on each of these groups of equatiions.

1. The Hamilton function H generates the temporal evolution of the system. The
first group of equations in (1.8) is thus identical with the usual Hamiltonian equations
of motion of the Kepler problem. The solutions of these equations are the coordinate
functions of the integral curves of the vector field Xy belonging to H. Since we have
removed the collision point O from the configuration space, and since the collision orbits

with angular momentum L = O go into this point for finite times, the vector field Xy
is not complete. Thus, time does not act on the phase space as a one parameter group
of global diffeomorphisms. This handicap can be overcome by embedding the phase
space in a larger manifold, on which time does act as a global group of transformations.
This so-called regularization of the Kepler problem was carried out by Moser [9] for the
surfaces of constant negative energy in phase space. It is practically a matter of com-
pensating the divergence of the potential —a/q at ¢ = O by p values in a sphere with
infinite radius. The mapping of the phase space which we will describe also yields
a regularization of the Kepler problem in which the surfaces of constant negative
energy are of the same topological type as those of Moser [9].

2. Group (II) of equations in (1.8) shows that the functions L; and Ry, i = 1,2, 3,
are constant along the orbits of H. The orbits of H thus lie in the inverse image of a value
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3
of these functions. Because of the condition > L;R; = 0, which holds on the whole
[l

phase space, at most five of these constants of motion are independent. The surfaces of
a constant value of the functions L; and R;, i = 1, 2, 3, are thus at least one-dimensional.
One can show that they are exactly one-dimensional and, in fact, the orbits of H can
immediately be given, explicitly, with the help of the constants of motion. The orbit
belonging to the values /;, r;, of Li, Ri, i =1,2,3, is: {y e T*0| 4(»)- /= 0, gy - r
= 12— amq(y), p()- 1= 0, p(y) 7 = —am{(I*q(3))q(») (Ix7)}. The first two con-
ditions are the equations for the Keplerian planetary orbits in configuration space.

3. For the discussion of group (III) of equations in (1.8) we introduce a notation
for the constant energy hypersurfaces in phase space:

Xp={yeT*Q} H(y)= E}. (1.9)
Since the 1-form dH has no zeroes on T*Q, a general theorem (cf. Dieudonné [5], § 16.8.9,

p. 42) tells us that the energy surfaces are closed submanifolds of 7*Q. We also introduce
the following open submanifolds of T*Q:

T, U)X (1.10)

Thus T*Q = X_uX,u2,, and one can consider X as the common boundary of X,
and X2_. On Z,, instead of L; and R;, we introduce:

Li:= Lj]Y,, Ki:= Q@mHe) '?R)Y.,, &= +,i=1,2,3. (1.11)

Obviously, L;, Kfe #X,. Since H commutes with L; and R;, we have the following
Poisson brackets on X,:

3 3
= Y
3 el __ fre — 3
(Lh L3} =) eqli, (LA K7D = > einki,
k=1 k=1

(1.12)

3
{K;, K5} = —¢ Z e Ly
k=1
Under the Poisson bracket, the functions L% and K¢ generate the Lie algebras of the groups
SO(4) and SO(l, 3), on 2, for ¢ = — and ¢ = +, respectively.

4. Since H = 0 on X, the functions L; and R, in group (I1I) of equations (1.8) secem
to generate the Lie algebra of the Euclidean space group ISO(3). However, that is not
the case since, for the Hamiltonian vector fields belonging to the functions R;, the follow-
ing holds:

3
\
= — - _ X 3 .
[XR,»’ XR_]] - /‘/(Ri.R_,'J = X 2mH Y o = 2m > gljkLkX’l
k=1 k=1

for H"“) 0 But X” ?ﬁ 0 on .2:0.
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2. The negative energy case
On 2_, we consider the following eight real-valued functions:

& = i:—27’1’";:[)—1/26-1'5sin<p+( :15; —l)cosqa,

E= (%——%ﬁ)sin¢+%{)—ﬁ gpcosp,
o = —g4 - pcosp+ (_2’;;‘{)1/2 (Z‘f; —l)sintp, .1
= - (_220;1)1,2 (—%— i;f ﬁ)cosw+qﬁsin<p,

¢ 1= (=2mH)"?[(mo)q - p.

In this section, we pretend that the functions g¢;, p; and H are only defined on 2 _,
in order to avoid the technically correct but cumbersome notation of restricted functions
ql2_, pi)2_ and H|X_. The functions (2.1) are obviously of the class C*. We now con-
sider the six-dimensional C*-submanifold of R*x R* which is defined by

M_:= {(E,))eR*xR E =1, &5 =0, 5 >0}, 2.2)

whereby we denote the Euclidean scalar product in R* by
3

5'7] (= Zsana = 50770+§.T7
a=0

and the square of the Euclidean norm in R* by &2 = &- & M_ is obviously diffeomorphic
to the total space (7*S%)* of the cotangent bundie on the 3-sphere S3, from which the
zero section has been removed. Since 7*S? is trivial, M_ is also diffeomorphic to §3x
X (R*\ {0}). If one considers the functions defined in (2.1) as one R*x R*-valued map-
ping of X'_, it is easily verified that the image of this mapping lies in M_. The absence
of the zero section corresponds to the condition

n? = —ma?/2H) > 0. (2.3)
We define two C*®-submanifolds of M_ by
Ny = {(E,meM_|& =1}, N_:= M_\N,. X))

N, can be identified with the punctured cotangent space at the “north pole” of the 3-
sphere and is thus diffeomorphic to R*\ {0}. N_ is open and dense in M_.

THEOREM 1. The functions defined in (2.1) map X_ diffeomorphically onto N_.

Proof: We have already mentioned that (2.1) yields a C*-mapping ‘F from 2_ into
M. We will show that the image of F does not intersect N,,. Because of &7 = 0, 7,
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would have to be zero on N, . According to 2.1), the equations & = 1 and 5, = 0 are
identical with @sing+(14-2gH/a)cosp = 1 and g@cosgp—(1+2gH a)sing = 0. If we
multiply the first equation by sing, the second by cosg and add, we get ¢ = sing and
thus ¢ = 0. The first equation then yields ¢H = 0, which cannot be true on X_.
In order to show that F: X'_ — N_ is a diffeomorphism, we construct a C*-mapping
G: N. - 2_ for which Go F = id;_and Fo G = idy_hold. To this end, we first show
that the equation
p = Eosiny— ()~ 2nocosy (2.5)

defines a C*-function y: N_ — R, for which [p(&, )] < 1 holds on all of N_. We only
have to prove that, for every (£, #) € N_, there exists one and only one % such that — |
< 9 < 1 and p solves (2.5). Then it follows immediately from the implicit function theorem
that this solution » is a C* function of (£, ). We write (2.5) in the form

y = (&3+n5/n%) *cos(y—y), (2.6)

with a suitable phase y. The graphs of f(y) = p and g(y) = (£&+n3/9*)"2cos(y—y)
have exactly one intersection since (£3+%3/9*)? < 1, which follows from (2.2) with

E2+n3n? < E+n/n2+(Ex7j)?/n* = 1. Using (2.6), lw(&, )| < 1 clearly holds. We
now map N_ into R?®x R3 by means of

7= f’:};& [(§0—cosy) (%)~ 1125— ()~ 2o —siny)é],

_ ma[(@)Vjsiny+ Ecosy] o
(®*)V2[1—E&ycosyp— (%)~ V2nosiny] L7

Il

p
y = Eosiny— (n?)"?necosy,

whereby p is the C* function on N_ defined by the last equation. The denominator of
the equation for p cannot become zero. Otherwise, one would have

Eocosy+ () V2yesiny =1 and  &gsiny— (5?) " V2p4cosy = .

Squaring and adding would give £Z+93/n? = l+y? < 1, and thus » = 0. According
to (2.4), we have &, < 1 on N_. Moreover, we have

g% = (7?/(ma))* (1=E&gcosp—(n2)~H2y,siny)? > 0
and
H = p?|2m)—ajq = —ma?{(2n?) < 0.

Thus, if we identify 2~ with its image under the coordinate mapping in R*x R3, (2.7)
describes a C® mapping G: N_ — X_. The proof of the relations G o F = idy_ and
FoG = idy_ follows by an elementary calculation. m
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Thus, 2 is embedded diffeomorphically in M_ by means of (2.1). The complement
of the image N_ of £_ in M_ is N,. Now, according to (2.3), the Hamilton function
H can be extended to a C* function defined on all of M_. On the other hand, according
to (2.7), g would go to zero on N, while p would diverge there in such a way that H
= p?/2m—«/q would remain finite. Thus N, corresponds to a family of two-dimensional
spheres of infinite momenta, parametrized by the positive quantity (2)!/? or, equivalently,
by the values of the negative energy — H. In the following, we will show that the addition
of N, to the actual phase space N_ regularizes the Kepler problem in the sense of Moser
[9], that is, that the vector field of H, extended to all of M_, is complete and thus generates
a global one-parameter group of transformations on M_, which describes the dynamics
of the Kepler problem. In addition, we will show that the SO(4) Lie algebra of Hamilton-
ian vector fields, which is generated by the functions L;, K;, i=1,2,3, on X_, can
be extended to all of M_, is complete there, and thus generates a global Hamiltonian
action of the symmetry group SO(4) on the regularized phase space.

First, we will study the transferral of the symplectic structure under the mapping F:
Y. 5> M_. We will use &, e, @« =0,1,2,3, to denote the coordinate functions on
R*x R* which are defined by

gx(&, 7]) = Ea, ﬁa(Er 7]) = Ng-

The restriction of these functions to M_ will be denoted by

A

fai= Ele—s ';\7«1:= ﬁalM—-

If j: M_ — R*x R* denotes the identical embedding, then we have E, = j*, = &, 0],
Ne = J*7x = Mg 0j. On R*x R*, we define a symplectic structure by means of the closed
2-form
3 —
w = dé ndn,.
The pullback @ := j*@ of this 2-form to M_ under j is a closed, non-degenerate 2-form
on M_. Thus (M_, ®) is a symplectic manifold. Since j* is a homomorphism of the
algebra of alternating forms which commutes with the exterior derivation, we have
3
A — Y 2 A
o =j*o = dé, ndi,. (2.8)
a=0
If, instead of the restriction w|X_ of the canonical symplectic form w on the phase space
T*Q, we simply write w, according to the agreement at the beginning of this chapter for
the coordinates g, p;, then (X_, ) is a symplectic manifold.

THEOREM 2. o = F*(@|N_), that is, F is a symplectomorphism from (X_, w) onto
(N_, &IN.).
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Proof: Since N_ is an open submanifold of M_, (N_, ®|N_) is a symplectic manifold.
According to Theorem 1, the functions &,, 1, on 2_ and &,]N;, NN_on N_, a=0,1,
2, 3, are related by the equations &, = F*(éalNJ, Ne = F*(3,|N_). Thus, for the 1-forms
defined on 2_ and M_ by

3 3
EN - A
P i= Eadna = E . d’l], ¥ i= Ead';]a = E ‘ d’;}, (29)
we have
F*GIN.) = F*EIN_ - dijIN_) = F*(§[N_)- F*(diIN_)
= & d(F*(GIN)) = E-an = .
In order to calculate v, we write (2.1) in the form

& = asing+bcosqp, % = v(—acosp+bsing),

g plv
o S — 172 ’
a [6/q-2}-1515/(ma)]' v 1= ma/(—2mH)!?, (2.10)
qp*/(ma)—1 -
b:= [qﬁ/@ ] ¥ :=q- p.

Because of @2 =1 =62, a-b =0, we have a-da=0=b-db, a-db+b da = 0, and
thus » = &+ dy = o(dp+a-db) = q-dp+d(g - p). Thus we have

3
w = qu,-/\dp,- =dv = d(F*(IN_)) = F*d(}|N_) = F*(d?|N_) = F*(®|N_.). m
i=1

On the ground of this theorem, we can consider F as a symplectic embedding of
(2., ) into the symplectic manifold (M_, ).

We now describe global actions of the groups SO(4) and R := (R, +) on the mani-
fold M_. We will see that the action of R can be interpreted as the temporal evolution
and the action of SO(4) as the global symmetry of the Kepler problem. To see this, we
will calculate the vector fields on M_ belonging to the infinitesimal transformations of
these actions and show that they are Hamiltonian, and that the restrictions of the cor-
responding Hamilton functions to the submanifold N_ are mapped, by means of the
pullback F*  onto the constants of motion L;, K; and the Hamiltonian function of the
Kepler problem which were given in the first chapter.

We define an action o: SO@)x M_ — M_ of the group SO(4) on M_ by means
of O’(R, (&, 17)) := (R, Ry), whereby & — RE denotes the canonical action of SO(4)
on R* We let R operate on M_ by 7: RxM_ - M_, ©(t, (§,7m)) 1= (écosw, 1+
+5(n*)~sinw, t, neosw, t— EM)V3sinw,t), o, 1= ma*(n?)~32.

THEOREM 3. (SO(4), o) and (R, 7) are Lie transformation groups of M. . The orbits
of SO(4) under o are the 5-dimensional submanifolds M" characterized by (n*)'V/* =r,
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re R = {xeR| x > 0}. The actions ¢ and T commute. Any orbit in M_ of R under ©
is completely contained in a submanifold M’ .

Proof: The first assertion holds because: (1) the mappings ¢: SO@)xM_ - M_
and 7: RxM_ —» M_, considered as mappings of manifolds, are of class C®, and (2)
the transformation group axioms 6(R’, 6(R, -)) = o(R'R, ) and =(¢', ©(t, -)) = (' +
+1, - ) hold. The first property may be proven using charts, which we shall not do here.
The second property follows by an elementary calculation.

Since R is an orthogonal transformation, we have (Ry)? = %2. Thus every submanifold
M is invariant under o. In order to prove that SO(4) acts transitively on M” under o,
we show that any point (£, ) € M” can be transformed to the point (EO, 7) = ((1 ,0,0,0),
(0,0,0, 7)) by an element of SO(4). Since SO(4) acts transitively on the 3-sphere S,

there is an R; € SO(4) such that R, & = £. The stability subgroup of SO(4) in the point
£ is formed by the elements of the form
o 1 0 ) .
R = [0 f{] with R e SO(3).
Since 7-£ = R &-Ryy = £+ Ryp = 0, Ry7 has the form (0,7,) with %? = r?, that
is, 77, lies on the 2-sphere S? of radius r. Since SO(3) acts transmvely on every such 2~
sphere, we can choose an R2 € SO(3) that transforms 7, into R2771 = (0,0,r) = 77 But
then we have o(R,Ry, (&, 7)) = (&, D).
The last two assertions follow from an elementary calculation. =
Clearly, one can identify the manifold M" with the sphere-bundle (T*S?), on the
3-sphere S3, whose fibers are the 2-spheres S? of radius r in the cotangent planes. M_
can then be thought of as the union {_} M" of all orbits of SO(4) under o.

r>0

The Lic algebra of SO(4) is formed by the antisymmetric, real 4 x 4 matrices. The
following matrices form a basis of it:

000 O} [0 00 0]
000 O 0 001
A‘_OOO—l’ Al‘o 000}
. 001 O 0 -1 0.0
00 00 [ 010 0]
00 —-10 -1000
=101 ool BT 0000l (.10
00 0 0] 000 0]
(0010" 000 1]
0000 0000
B, = =
2 -1000} Bs 0000
{0000~ ~100 0]
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They obey the following commutation relations:

3 3

[4:, Aj] =ZgijkAkv [4:, Bj] = ZﬁijkBk,
k=1 k=1
5 (2.12)
[Bi, Bj] = Z Eijp Ay
k=1
We consider the following one-parameter subgroups of SO(4):
'[eg’;"_‘- = (—)A o I, i Inf =1, se Rl
| O 1;c085+ (1 —coss)ynn+sinsnx| ! ’ |
(2.13)

<5 jeoss nsins I X
¢ T | ~asins 13— (1 —coss)ni Ll =1, se }

In order to determine the vector fields 7+ 4* and 7 - B* that these subgroups tnduce on
M_ by means of o, we calculate the corresponding Lie derivations of FM_:

(Ziaef) (€, m) = Iim (/) [0 o (&4, (&, ) —f(&, )] (2.14)

(Lrgef) (€, m) = lim(1s) [fo a (e, (&, n)—fE. 7).

For this, we introduce an atlas {(U% k)| ¢ = £} on M_, consisting of the charts
Ur= {5, m)eM_| 1+e&, > 0}, &= 4, (2.15)
and the coordinate mappings
k. U= RS, X{(&,7n) = &/(1+e&,),
VilE,m) = qi(l+6eég)—&my, i=1,2,3, 6= +.

Here, the x§ and y% are the composition of k° with the ith and (i+3)rd coordinate pro-
jections in R®, respectively. We will also consolidate the components x§ and y§ to two
R3-valued functions x® and J°, respectively, and use the Euclidean scalar product *-7
and norm squared. The image of U® in R® is the set ¥V = {(x;, y;)) € R®| y* # 0}. The
inverse of (2.16) is then defined on V by ,

(2.16)

PR e G CI%.)) S v I
CT IR EE YT T IR GE )
mo= THEEDY e e 3w, @.17)

No = —ex*(&,m)-y(&,m), i=1,2,3.
In U_AU, we have

X=X, vt = (-2 G, i = 1,2,3. (2.18)
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For the 1-form % from (2.9) and the symplectic form o from (2.8) we then have
3
NUe =% -dye,  HlU = deindy, (2.19)
i=1
that is, the atlas chosen consists of symplectic charts. The Poisson bracket of two func-
tions f, g € #M_ thus has, locally, the form

3

N[ %k
Vel “Z(axi byt~ 2t o)

Ue, (2.20)

whereby the partial derivatives are defined by
af -1 £
7{{(5,7}): 0:i(fo (k2)71) (K&, M),

aa:}{;{ (E’ "]) L= ai+3(f° (kG)—l)(k!(E’ 77))’ l = 13 27 39

with the partial derivatives 8,, ..., 8¢ in the coordinate directions of R®. Our choice of
a symplectic atlas was inspired by the paper of J. Moser [9].
Thus, on U®, we obtain the following formulas for the Lie derivations from (2.14):

0 Y
gAf = Z 8ijk (le?;{'*‘yja)yi),
Ji k=1 (2.21)

1—(x°)?> @ ., 0 _, ., 0
$-=_ e xixt e, e
B; 6[4 5 6x‘i+“x o Xty 6y’i~+

e weny, O ,
+(y?x‘—x§y”)-—a—-yi], i=1,2,3.
We define the functions L}, K in FM_ by

3
LrEm = Y anbim,  KFE ) = noki—Eom:. 2.22)
4

J 1

For their partial derivatives, we obtain

3 3
oLy S e oL} o
a s ijk ) k> ——5.—_= —Z ijkNks
Xy ay] “—

k=1
oK¥ o
e = SRi— X =X 00y, (2.23)
J
* —,
(x¢)2 ~1 8.8
‘@y} = € (——2——- (3,~j—x,xj .
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These serve to show, for one thing, that these functions form the Lie algebra of the group
SO(4) under the Poisson bracket, that is, that the following relations hold:
3 3
. ) N
(L} L¥Y = > epld, (L5 KR = > epkE,
J ‘;‘ j j k>="1 J

(2.24)

3
{Kz*’ K]*} = 8ijkLI’ck-
On the other hand, we can see that the Lie derivations in (2.21) can be written in the
following way:

Sﬂ oL¥ _ oL} ¢
Tt 08 BY, oxs ays

3*—2 OKY 0 _OKF 0\ i_1,2,3
B i x5 oxs 6}*})’ oo
FE

The last equations mean that the vector fields 4} and B} are Hamiltonian and are derived
from the Hamilton functions L} and K*.

We can now carry out the same analysis for the action 7 of R on M_. Let C denote
the basis element of the Lie algebra of R for which exp(tC) = t € R holds. The induced
vector field C* on M_ is then given by the Lie derivation

(Zef)(Em) = }ijlol(l/f) [fer(t, (¢, m)—f(E, m]

(2.25)

4o ¥ ) 2%° 0
S ot (S s S 2.26
(.’}‘,2)2 (l_l_(}s)Z)Z [ (j)'s)z 0.\,8 l+(§5)2 (qy ]f(é: 7]) ( < )
We define a function H* in M_ by
H*(E, n) = —ma?{(2n?). (2.27)
For its partial derivatives, we obtain
£ 2.¢& £ 2,8
oH Bmacx; oH dmocyi (2.28)

&F T 0PN B T OO+
Thus, the Lie derivation can be written in the form
3
oH* & oH* 0
P = N (2 0 OHT O} (2.29)
¢ 2( oy; Ox;  0xj 5}’?)

j=1
from which it follows that H* is a Hamilton function for the vector field C*. Finally,
we can verify that H* commutes with the functions L¥, K under the Poisson bracket:

(L, H*} =0, {KHH*}=0, i=12,3 (2.30)

We summarize the last results in
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THEOREM 4. The actions o of SO(4) and v of R on M_ defined before Theorem 3 are
globally Hamiltonian, that is, the vector fields on M_ generated by the one parameter sub-
groups are globally Hamiltonian. The basis elements A;, B;, i = 1,2, 3 (cf. (2.11)), of the
Lie algebra of SO4) and C of the Lie algebra of R correspond to the Hamilton furctions
L¥ K¥ i=1,2,3, from (2.22) and H* from (2.27), respectively.

The connection between Theorem 4 and the Kepler problem is given by the following
theorem.

THEOREM 5. The functions L¥, K¥, i = 1,2,3, and H* on M_ are extensions of the
components L; of the angular momentum, K; of the modified Runge-Lenz vector and of
the energy H of the Kepler problem (cf. (1.1), (1.2), (1.11)), respectively. More exactly,
we have:

LHN_oF=1L;, K!N_oF=K;, H¥N_F=H,

whereby F: X_ — M_ is the symplectic embedding described in Theorems 1 and 2.

Proof: The proof consists of a simple calculation. For example, (2.1) implies

H*(£@, ), nd, D)) = —me?[(2(n(d, P))*) = p*/2m)—a/q = H(q, p).

On the basis of these five theorems, we can think of M_ as a regularized model of
the negative energy part 2_ of the phase space of the Kepler problem. Both the tem-
poral evolution, which is given by the action 7 of R and the symmetry, which is given
by the action ¢ of SO(4) are described globally. According to Theorem 5, the orbits M"
of SO(4) under ¢ can be thought of as regularizations of the energy hypersurfaces 2g
with energy E = —ma?/2r? in phase space. Since SO(4) acts globally on M’ and the
singular submanifold N, intersects every M’ according to (2.4), the action of SO(4)
on X_ is certainly not globally defined. The temporal evolution is periodic. The orbits
of the temporal evolution intersect N, if and only if the initial conditions are such that
either £ and 7 are parallel or & or 77 = O. Equivalent to that is vanishing angular momentum
L = O. Thus, the temporal evolution does not yield a global flow on Z_. The physical
meaning of the orbits with L = O is that of collision orbits, which go into the origin
of configuration space. The regularized model gives the picture of a periodic reflection
at the origin as the spatial motion in a collision orbit.

We add a note on the transcendental equation (2.5). If we let the operation 7 of R
act on a point (&, ) € M_, then the angle evolves, using (2.5), according to the equation

p(1) = &o()siny(1)— (*) ™ 2no(1)cosy(1)

= &osin(p(1)+w,1)— () V2necos (p(1)+wyt),
or, if we put

bo = (E5+73/n*) 2cos wyto, 1Mo = (M*EF+m5)*sinw,to
with a suitable constant ¢,:

w(1) = (E§+713/m>) ?sin (p(1) +o,(t—10))-
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If we set y(t)+w,(t—1to) =:u(t) and notice that 0 < &+n/n* = 14+2HL*/ma® < |
and o, = (—2mH)*?m?a, then we obtain the Kepler equation for the excentric anomaly u:

(—2mH)¥2[(m?a) (1—to) = u(t)— (1 +2HL? /ma®)Psinu(r), u(ty) = 0.  (2.31)

Thus y describes the aberration of the excentric from the mean anomaly. Equation (2.5)
is thus to be interpreted as a generalization of the Kepler equation.

3. The positive energy case

In this section we treat the positive energy part 2, of the phase space of the Kepler
problem. Since the proofs and calculations are largely parallel to those of the previous
section, we will restrict ourselves to the discussion of technical peculiarities of the theorems.
As in the last section, we will think of the functions g;, p; and H as well as the symplectic

3
form w = z dq;ndp; as being defined only on &, in order to avoid the notation of
i=1
restrictions. We will often use the Minkowski scalar product in R* in this section. In
order to avoid confusion with the Euclidean scalar product, which we denote by a dot,
we will use an asterisk for the Minkowski scalar product and define it by

3
Xy 1= xoyo—Zxkyk = XoVo—X'J¥, XI:i=XxxX, x,y€ER* 3.1
k=1

We consider the following functions on X, :

2mH)> :
& = %q psmhx.*.(w—l)coshx,
r_ (9 4P QmH)'?
=|=- ~ h
£ (q P, )smhx+ P gpcoshy,
(3.2)
I mo qp :
Mo = ¢ pcoshy— QmH)2 (-71 - )Smhl’
. ma g q-p-
= — — — h b
K (2mH)'/? (q ma )COShX gpsinhy
% i= 2mH)Y?[(mé)q - p.
We define a six-dimensional C*-submanifold M, of R*x R* by
M, := {5, )eR*xR* & =1, & > 0, &xn =0, i <O0}. (33

The equations in (3.3) tell us that & lies in the forward half H? of the two-sheeted unit
hyperboloid {£2 = 1} in R%, that % is tangential to H? in the point & and that 7 is not
zero. M, is thus diffeomorphic to the total space (T*H*)* of the cotangent bundle on
H? with the zero section removed. Since H? is diffeomorphic to R?, M, is also diffeo-
morphic to R?*x (R*\ {0}). We define two C®-submanifolds of M, by
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={(¢, MeM,| & =1}, N,:=M N, (34

N, is thus diffeomorphic to the punctured cotangent space on H? at the point § = (1, 0)
and thus also to R3\.{0}. N, is open and dense in- M.

THEOREM 6. The functions defined in (3.2) map X, diffeomorphically onto N, .
The condition &, > O requires some comment, and can be proven as follows:

2 1/2
Eoz(-%—l)coshx @mH)" H) G- psinhy

1/2
>(1+3%£)cosh @mH) H) gpcoshy

= [(1+2Hq*p?/ma>)1/? — (2qup2/ma2)”2] coshy > 0.
The proof of the theorem uses the inverse mapping from N, onto 2, , which is given by

— 7%

i

q [— (§o—cosho) (—n3)™"*5+ ((—n})~*/2no +sinhe)E],

ma. [(—n2)~Y2#sinhg+ Ecoshg]
(—n3)*2[&ycoshp+ (—nZ) '/*nesinhp—1}’

=3
|

(3.5)

o = &ysinhg+ (—n2) V2necoshp.

The last equation, which defines ¢ implicitly as a function of (&, n), is the analog of the
generalized Kepler equation in (2.5). The proof of the existence of a solution of this
equation uses the inequality

—n3/(=nd) = E3—n3/(=nD)— ExD?/(—nd) = 1.

We define the functions EA,, Ny @ =0,1,2,3, in FM, as the restriction to M, of
the coordinate functions on R* x R*. Then we can define a closed, non-degenerate 2-form
& on M, by

3
i=1

We define 1-forms v on X, and % on M, by
= —Exdy, V:= —Esdi. (3.7

Then we have @ = dv. (M, , @) is a symplectic manifold. By means of a calculation
similar to the one in (2.10)ff,, one can show that » = g dp+d(g- p) holds and thus
w = dv = F*(d%|N,) = F*(®|N,), whereby F: X, - M, is the embedding from The-
orem 6.

THEOREM 7. o = F*(@|N,), ie. F is a symplectomorphism from (X, ,w) onto
Ny, w|N+)
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We now define global actions ¢ and 7 of the groups SO(l, 3), and R := (R, +) on

M, by
o(R, (£,7) := (R, Ry), ReSO(1,3),
and
(¢, (€,m)) := (écoshw,t—n(—n})"V*sinhw,?, neosho,t—&(—n2)!?sinho,1),
teR, wo,:=ma?(—ni) 3

respectively. Then the next theorem is parallel to Theorem 3.

THEOREM 8. (SO(1, 3)o, o) and (R, 7) are C* Lie transformation groups of M, .
The orbits of SO(1, 3)¢ under o in M, are the 5-dimensional C* submanifolds M",, which

are parametrized by (—n3)''* =r, re RY = {x e R| x > 0}. The actions ¢ and T com-
mute. Any orbit of R under © in M, is completely contained in a submanifold M.

We can think of the hypersurface M, in phase space as a 2-sphere bundle over H?3.
1t is diffeomorphic to R3x S
As a basis of the Lie algebra SO(1, 3)o, we choose the following matrices:

000 O] 0 000
000 O 0 001
Ad=looo 1" “%=fo oool
001 0] |0 -1 00
(00 00 [ 0 -1 0 0]
00 —-10 -1 000
=101 ool 5=l 0 o000l (3:8)
|00 0 0] 0 00 0]
00 —10 000 —1
00 00 000 O
B, = -10 o00) By = 000 O
00 00O -1 00 0]
They obey the commutation relations
3 3 3
[4;, Aj] = ZSijkAk, [4:, Bj] = ZsijkBlu [B;, Bj] = “ZsijkAk- (3-9)
k=1 k=1 k=1
The one parameter subgroups defined by
. 19) 0 .
sned _ | = R
{e [0 13coss+(1—coss)riﬁ-i—sinsﬁx]‘ In| =1, se }’
(3.10)

{ o [ coshs —nsinhs ]
es B __

- . s Bl = 1, s€R s
—nsinhs 13+ (coshs—1)nn In] e }
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generate the vector fields n-A* n-B* on M., which are induced by the action o,
analogous to (2.14). Since H? is contractible, we can define a symplectic coordinate
system globally on M, by means of

G, 9): My > R xR%,  X(E,n):=&  F(&n)i=5—Enofk. (3.11)
The inverse is
= (143, )3, E=3(E, ),
no = X(&,m) - Y&, n) (1+X(&, *)Y2, (3.12)
7 = y(& n)+x(&,n) - Y&, nxE, ).

One easily verifies that » = —-{-‘A*dfy = —y-dX, and ® = d?» = dxAdy hold and thus
that (3.11) defines a global symplectic chart on (M, , ®). Then we can calculate the Lie
derivations corresponding to A* B* i=1,2,3,

3
) G,
Lar = Z Eijk (xja—xk*‘yj@k—),

ik=1

wry
o
I

B . (3.13)
P — _(1+3‘C2)1/2_a_+y.__x“~_‘ll i=1.2.3
B Ox; A+xHY2 ey T
We define the functions L¥, KF, i = 1,2,3, in FM, by
3 3
3
LYE, ) = eijnine = L e i (&, M€, 1),
k=1 Jrk=1 (3.14)
K¥E, ) = no&i—Eomi = — (L+X(E, )*)20ilE, 7).
Then we immediately obtain
23 oL* & aL* o
2‘4 = A A s |
o\ Oy Ox; Ox; dy;
=
(3.15)

) 0K* 0 5Ki* 5}
Zi _j\ (ay_, ax} - ox; ﬁ;)

For the action v of R on M,, we have

3
* *
G = Z(aH A o _oH _ J?,_), (3.16)

j=1
whereby C is the element of the Lie algebra of R for which exp(tC) = ¢ holds for all
teR and H* is the function in #M, defined by '

mo? mo?

=2y T 2DE, P (xE ) FE, M)

H*(¢,n) = 3.17)
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The Poisson brackets for the functions LF, KF, i = 1,2,3, and H* are

3 3

(LY, L'} = ZL (LKD) = ZK
. = (3.18)
(KEKF) = =Y el (L} H*} = {Kf H*) =0,
k=1

The next theorem follows from the last results.

THEOREM 9. The actions o of SO(1, 3)o and © of R on M, defined before Theorem &
are globally Hamiltonian. The basis elements A;, B;, i = 1,2,3, (cf. (3.9)) and C of the
Lie algebras of SO(1, 3), and R correspond to the Hamilton functions LY, K, i = 1,2, 3,
of (3.14) and H* of (3.17), respectively.

The following theorem is the result of a simple calculation.

TueoreM 10. The functions LY, KY, i = 1,2,3, and H* are extensions onto M, of
the components L} of angular momentum, K+ of the modified Runge-Lenz vector and the
energy H of the Kepler problem, respectively, which are defined on X, . That is, we have

L¥IN,eF=Lf, K!N,oF=K' H*N,oF=H,
whereby F: X, — M, is the symplectic embedding described in Theorems 6 and .

The commentary at the end of Section 2 also makes sense in the present case of posi-
tive energy. We want to emphasize that the symmetry group SO(1, 3), operates transi-
tively on the hypersurfaces M’ of constant energy and that every M’ meets the singular
submanifold N, . Therefore, for positive energies, the regularization also allows one to
globalize the time flow and the symmetry operations simultaneously. In this case, Kepler’s
equation

@CmH)3?|(m?a) (t—t,) = (1+2HL?*/ma*)*?sinho(t)—v(t),

v(te) = 0,
follows from the last equation in (3.5) with the substitutions
& = (& —n3/(—n%))"*coshw,to,
no = (E3(—nd)—n3)3sinhe,ty, o(t) = v(t)+w,(t—1o).

(3.19)

4. Complementary remarks

In Sections 2 and 3, we have regularized the negative and positive energy parts of the
phase space of the classical Kepler problem in such a way that both the time flow and the
symmetry operations are realized in a global and simple way. In conclusion, we want
to discuss two still open questions.

1. The phase space hypersurface X, of zero energy: It is diffeomorphic to (R3N\.{0}) x
x §2. Because of the possibility of collisions at ¢ = 0, the Hamiltonian vector field does
not generate a global flow here either. By adding a 2-sphere with infinite momentum to
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2y, one can achieve a regularization with a global time flow here as well. The regularized
manifold M, is diffeomorphic to R*x S? and thus of the same diffeomorphism type as
the regularized hypersurfaces of constant positive energy. One can easily make M, into
a homogeneous space for the inhomogeneous rotation group ISO(3). We have also found
a transitive action of ISO(3) on M, that commutes with the time flow, but we are not
clear about the meaning of this within the context of Hamiltonian mechanics.

2. The action of the non-symmetry groups on the regularized phase space models
M_ and M,: As is known, every diffeomorphism of a manifold induces a symplecto-
morphism of the cotangent bundle of the manifold with its canonical symplectic structure
(cf. Abraham-Marsden [1], p. 97).

Since such a symplectomorphism maps the cotangent spaces linearly, it leaves the zero
section of the cotangent bundle invariant. Applied to our models, that means that the
group of diffeomorphisms of S* (resp. H?) induces canonical transformations of M_
(resp. M,).

In the case of negative energy, we can let the de Sitter group SO(1, 4), act as a group
of diffeomorphisms of S in such a way that the restriction to the subgroup SO(4) co-
incides with the symmetry operation described in Section 2. Every element of SO(1, 4),
can be written as a product of an SO(4) rotation and a Lorentz “boost” of the form

. (1 _.02)—1/2 v(l_,‘.}Z)—l/z
T e =032 1+ ((1—-0) V2= 1)vofv?
with a four-component velocity v € {v € R*| v < 1}. The action of L, on S can then
be defined by

1
5 | =d 19(5) = m l(l _’(j2)1/2§+(1+ 1+(:} 62)1/2~)1}]-

The form of this action is suggested by the well-known action of the Lorentz group
SO(1, 3), on the 2-sphere. The induced action of L, on (T*S%)* ~ M_ is then described
by the additional mapping

ey = (=02 72 ( v )]
e A0 = T [’7_1+v-§ AR Eoa | |

Because of

1—22
m)zn and 0<m<oo,
this action is transitive on M_. Since the action of L, does not commute with the time
flow, SO(1, 4), operates as a non-symmetry group on M_.
In the positive energy case, we have not been able to define an action of either of the
de Sitter groups SO(1, 4), or SO(2, 3), on H? in such a way that the restriction to the
subgroup SO(1, 3), would be the symmetry operation described in Section 3.

(A(®)n)* =
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